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Abstract. The effect of disorder is investigated in granular superconductive
materials with strong and weak links. The transition is controlled by the interplay
of the tunneling g and intragrain gintr conductances, which depend on the strength of
the intergrain coupling. For g ≪ gintr, the transition involves first the grain boundary,
while for g ∼ gintr the transition occurs into the whole grain. The different intergrain
coupling is considered by modelling the superconducting material as a disordered
network of Josephson junctions. Numerical simulations show that on increasing the
disorder, the resistive transition occurs for lower temperatures and the curve broadens.
These features are enhanced in disordered superconductors with strong links. The
different behaviour is further checked by estimating the average network resistance
for weak and strong links in the framework of the effective medium approximation
theory. These results may be relevant to shed light on long standing puzzles as: (i)
enhancement of the superconducting transition temperature of many metals in the
granular states; (ii) suppression of superconductivity in homogeneously disordered films
compared to standard granular systems close to the metal-insulator transition; (iii)
enhanced degradation of superconductivity by doping and impurities in strongly linked
materials, such as magnesium diboride, compared to weakly-linked superconductors,
such as cuprates.
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1. Introduction
The interplay of superconductivity and disorder has intrigued scientists for several
decades [1]. Disorder is expected to enhance the electrical resistance, while
superconductivity is associated with a zero-resistance state [2]. Bardeen, Cooper
and Schrieffer explained the microscopic foundation of superconductivity in terms of
pairing of electrons and the emergence of a many-body coherent macroscopic wave
function [3]. Electron pairing defines a global order parameter ∆ whose amplitude
tends to zero by increasing temperature, current or magnetic field thus destroying
the superconducting state. Anderson showed that weak disorder cannot lead to the
destruction of the pair correlations. The transition temperature Tc is insensitive to the
elastic impurity scattering under the hypothesis that Coulomb interaction effects and
mesoscopic fluctuations are negligible [4, 5]. However, experiments performed on thin
films have demonstrated a transition from the superconducting to insulating state with
increasing disorder or magnetic field. In sufficiently disordered metals, these effects
become important and the Anderson theorem is violated [6, 7, 8, 9, 10].
Studies performed on homogeneously disordered conventional materials show, upon
increasing disorder, the suppression of the superconducting critical temperature Tc,
the enhancement of the spatial fluctuations in ∆ and the growth of the ∆/Tc ratio
[11, 12, 13]. More recently, impurity effects have been investigated in unconventional
d-wave superconductors, with the disorder causing pair breaking and suppression of
Tc [14, 15, 16, 17, 18, 19]. The two-gap superconductivity is also affected by disorder.
Experiments in neutron-irradiated MgB2 show that the two-gap feature is evident in the
temperature range above 21 K, while the single-gap superconductivity is well established
as a bulk property, not associated with local disorder fluctuations, when Tc is lowered
to 11 and 8.7 K. The irradiation yields samples with extremely homogeneous defect
structure so that the superconducting transition remains extremely sharp even in the
heavily irradiated samples [20, 21].
A still open issue in superconductivity is the enhancement of the critical transition
temperature Tc when some metals are in the granular forms rather than as a
homogeneous bulk. It has been found that the enhancement is strongly dependent upon
the intergrain coupling by varying pressure [22, 23], with many experiments confirming
this phenomenon [24, 25, 26, 27, 28, 29, 30]. Suppression of superconductivity in vicinity
of the metal-insulator transition has been observed in homogeneous superconductors
as amorphous AuxSi1−x and NbxSi1 − x [31]. Chemical substitutions and impurities
in MgB2 have resulted in superconductivity degradation and broadening of the R(T )
curve pointing to an increasing effect of the disorder in such a strongly linked class of
superconductors [32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47].
Arrays of Josephson junctions with well controlled parameters are a very active
field of research. As well as being of interest in their own right, they are also being used
to model complex phenomena as a tool to investigate the effects of disorder in granular
films [48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60].
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This work is aimed at investigating the role of disorder in granular superconductors
with different intergrain coupling, due to the presence of either strong or weak links.
A parameter relevant to charge-carrier transport in such materials is the dimensionless
tunneling conductance g = G/(e2/~), where G is the average tunneling conductance
between adjacent grains and e2/~ the quantum conductance. Films with g ≫ 1 can be
modeled as arrays of resistively shunted Josephson junctions, whose state is controlled
only by the value of the normal resistance, rather than by the Josephson and Coulomb
energies which are respectively defined as EJ = (π/2)g∆ and Ec = e
2/C, with C the
grain capacitance. The tunneling of normal electrons, which additionally takes place,
results in the screening of the Coulomb energy, which reduces to the effective Coulomb
energy E˜c = ∆/(2g). By comparing the Josephson energy to the effective Coulomb
energy, one can notice that EJ is always larger than E˜c for g ≫ 1. This condition ensures
the onset of the superconducting state at low temperature. Experiments show indeed
that samples with the normal state conductance larger than the quantum conductance
(i.e. with g ≫ 1) always become superconducting at low temperature.
A second parameter relevant to the understanding of the behavior of different
granular materials is the intragrain conductance gintr. For standard granular systems,
the condition g ≪ gintr holds. The intragrain region remains in the superconducting
state, with the resistive transition occurring only at the grain boundaries. The condition
g ∼ gintr holds for tightly coupled grains, corresponding to homogenously disordered
materials having comparable values of the bulk and grain boundary conductances
[33, 34, 32, 61, 62, 63].
The different role played by the tunneling and intragrain conductances is
determined by the strength of the coupling between the grains. In this paper, the
conditions g ≪ gintr and g ∼ gintr are considered in details.
An array of Josephson junctions with different intergrain coupling and disorder
degree is used to model the granular superconductor. The different contribution of g and
gintr is accounted for by a proper circuital representation of the grain and its boundary
within the network. The study is carried out by means of a numerical simulation whose
main steps are summarized in Section 2. It is worthy of remark that the simulations
reported in this work are carried out by the same numerical approach of Ref. [55], where
the different correlation shown by the current noise power spectra as a function of the
intergrain coupling was investigated. The numerical results concerning the transition in
weak- and strong-link networks as a function of the disorder are reported in Section 3.
The transition temperature Tc is lowered and the shape of the transition curve becomes
smoother by increasing the disorder. Importantly, it is found that the disorder affects
more dramatically networks with strong intergrain coupling. In Section 4, the results are
quantitatively accounted for by estimating the resistive changes in weakly and strongly
linked networks according to the effective medium approximation.
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2. Numerical model
As stated in the Introduction, the main purpose of this work is the investigation of
the role of disorder in the resistive transition of granular superconductors with different
intergrain coupling. The study will be carried out by adopting the numerical approach
reported in Ref. [55], whose main steps are summarized here below.
The resistive transition is simulated by solving a system of Kirchhoff equations for
a network of nonlinear resistors biased by direct current, as shown in Figure 1(a). Two
types of networks are considered for describing the different intergrain coupling. The
first type is the weak-link network for simulating materials, whose transition occurs in
two subsequent stages. First, at low temperatures, the weak-links and, then at slightly
higher temperatures, the whole grain undergoes the transition reaching the normal state.
The weak-link network is used to model the first stage of the transition occurring at the
grain boundary, while the grain interior still remains superconductive. The strong-link
network is used for modelling the transition involving the whole grain.
Grains are represented by a couple (triple) of nonlinear resistors for two-dimensional
(three-dimensional) networks of Josephson junctions as shown respectively in Figures
1(b) and 1(c). The nonlinear resistors give a basis of independent components of the
current density able to reproduce the current flowing through the grain in arbitrary
directions. The nonlinear resistors have current-voltage characteristics as shown in
Figure 2 for underdamped (a), overdamped (b) and general (c) Josephson junctions.
The Stewart-McCumber parameter βc = τRC/τJ , where τRC and τJ are respectively the
capacitance and the Josephson time constants, identifies the three types: βc ≫ 1 (a),
βc ≪ 1 (b) and βc ∼ 1 (c). The dependence of critical current Ic,ij and magnetic field
Hc,ij on temperature can be written in the simplified form as:
Ic,ij(T ) = Ico,ij
[
1−
(
T
Tc
)γ ]
, (1a)
Hc,ij(T ) = Hco,ij
[
1−
(
T
Tc
)γ ]
, (1b)
where Ico,ij andHco,ij are respectively the low-temperature critical currents and magnetic
fields and the exponent γ ranges approximately from 1 to 2 depending on material
properties.
The current flowing through each nonlinear resistor defines the state (superconduc-
tive, intermediate, normal) of the grain according to the current-voltage characteristics
of the Josephson junction. As already stated, the disorder is introduced in the calcu-
lations by random distribution of the critical current. The anisotropy is neglected and
the same size is assumed for the grains. The reason for these simplifying assumptions is
that these two features may additionally alter the network topology with a strong effect
on the transition. In particular for small grain size, the values of the critical current
might be correlated in neighboring grains. Therefore, the correlation length of disorder
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should be taken into account by adopting a suitable spatial dependence of the critical
current distribution. The critical current Ic,ij(T ) and the normal state resistance Ro,ij
are defined for each branch of the network. The intermediate state is characterized
by the critical current Ic,ij(T ) and voltage drop between 0 and Vc,ij(T ). The normal
state, characterized by the resistance Ro,ij, is reached when the current I crossing the
Josephson junction exceeds Ic,ij. The disorder is introduced by taking the critical cur-
rent Ico,ij as a random variable distributed according to a Gaussian distribution with
mean value Ico and standard deviation σIc =
√∑
ij(Ico,ij − Ico)2/N . Analogously, the
disorder could be introduced by taking the critical field Hco,ij as a random variable,
if the transition would be driven by an applied magnetic field H . The values of the
resistances Rij between nodes i and j are taken as follows:
Rij = 0 if Vij ∼ 0 (superconducting state) (2a)
Rij = Vij/Ic,ij if 0 < Vij < Vc,ij (intermediate state) (2b)
Rij = Ro,ij if Vij > Vc,ij (normal state) , (2c)
where Vij is the voltage drop between nodes i and j. The current-voltage characteristics
is used to find the value of the voltage Vij and current Ic,ij by means of an iterative
routine solving the Kirchhoff equations for the network.
For weak-link networks, the resistance values Rij are calculated in a straightforward
manner: the potential drops at the ends of each weak-link are compared to the potential
values in the current-voltage characteristics according to Eqs. (2a, 2b, 2c). Therefore,
weak-links being respectively in the superconducting, normal or intermediate state can
be distinguished.
For strong-link networks, the resistance values Rij are calculated taking into account
that the voltage drop across each grain is given by:
Vi =
[∑
j
V 2ij
]1/2
, (3)
where Vij corresponds to the voltage drop across each resistor Rij with j = 2 or j = 3
respectively for two- and three-dimensional arrays as shown in Figs. 1(b) and 1(c).
Calculations are performed iteratively. First, a tentative set of potential values is
chosen for all the nodes. Then, the resistance values Rij are calculated by using the
Josephson junction current-voltage characteristics for any resistor between nodes i and
j. Once the Rij are settled, the conductance matrix with entries Gij = 1/Rij is defined
and the new vector W1 of the node potentials is calculated. The set of node potentials
is introduced in the iterative routine and an updated vector W2 is calculated. The it-
eration is repeated until the quantity εn = |Wn −Wn−1|/|Wn| becomes smaller than a
value εmin chosen to exit from the loop. The simulations are performed by varying εmin
in the range 10−7 < εmin < 10
−11 to check that the value of εmin does not appreciably
change the results. The network resistance R is then obtained byWn(1)/I, whereWn(1)
is the potential drop at the electrodes.
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3. Numerical results
In this section, the results of the numerical simulations for different degrees of disorder
are reported. It is shown that disorder affects at a different extent weak- and strong-link
networks.
At the beginning the network is entirely in the superconducting state (this condition
is guaranteed by taking g ≫ 1). Subsequently, the transition is made to occur through
one of these processes:
• the temperature is kept constant and the bias current (or the applied magnetic
field) is varied. When the current Iij exceeds the critical current Ic,ij (or the
magnetic field exceeds the critical field Hc,ij), the superconductive grain evolves
to the intermediate and, then, to the normal state.
• the bias current (or the magnetic field) is kept constant and the temperature is
varied. A temperature increase causes a decrease of critical current Ic,ij according
to Eq. (1a) (or of critical field Hc,ij according to Eq. (1b)) and, ultimately, causes
the transition of the grain to the intermediate and, then, to the normal state.
As already stated, the disorder is modeled by assuming that the critical currents
are a random variable distributed according to a Gaussian function with standard
deviation σIc . The spread of the distribution of the critical currents determines the
slope of the transition curve [64]. The standard deviation σIc = 0 corresponds to a fully
ordered network, with all the Josephson junctions having the same critical current with
the transition occurring simultaneously all through the network. When the disorder
increases (σIc increases), the Josephson junctions have a wider spread of Ic,ij and the
network resistance changes more smoothly.
Figures 3(a) and 3(b) show the resistive transition of the network for different values
of σIc for weak and strong link networks respectively. The temperature increases while
the external current I is kept constant. As temperature increases, the critical current
Ic,ij decreases according to Eq. (1a). Links with Ic,ij values smaller than Iij undergo
the transition to the normal state. If σIc is small the resistive transition is steeper.
In the limit of σIc = 0 (no disorder in the network), the transition is vertical, since
all the Josephson junctions become resistive for the same value of temperature. On
the contrary, if σIc is large the resistive transition broadens since the junctions become
resistive at different temperatures. This effect occurs both in weak- and strong-link
network, but is enhanced in strong-link networks.
Figure 4(a) and 4(b) show the resistive transition when the bias current I increases
at constant temperature, for different values of σIc in weak- and strong-link networks re-
spectively. When the bias current Iij exceeds Ic,ij, the weak links become resistive. The
transition curves of Fig. 4(a) and 4(b) exhibit a behavior similar to those of Fig. 3(a)
and 3(b). The disorder makes the resistive transition smoother, particularly in networks
with strong-links.
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4. Discussion
In this section, the results of the simulations will be discussed. One can observe that
the average network resistance R is determined by the elementary nonlinear resistances
Rij between nodes i and j. The values of Rij depend on the external drive (current,
magnetic field, temperature) and on the intrinsic properties of the junctions. The change
of the resistance ∆Rij can be expressed in terms of the external drive variation as:
∆Rij =
∂Rij
∂I
∆I +
∂Rij
∂H
∆H +
∂Rij
∂T
∆T . (4)
The three terms on the right hand side of Eq. (4) can be written respectively as:
∂Rij
∂I
∆I = − ∂Rij
∂Ic
∆Ic , (5a)
∂Rij
∂H
∆H = − ∂Rij
∂Hc
∆Hc , (5b)
∂Rij
∂T
∆T =
(
∂Rij
∂Ic
∂Ic
∂T
+
∂Rij
∂Hc
∂Hc
∂T
)
∆T . (5c)
Equations (5a) and (5b) mean that the increase (decrease) of bias current or magnetic
field acts as a decrease (increase) of critical current Ic or magnetic field Hc. Eq. (5c)
means that the temperature affects Rij mostly through a decrease of the critical current
and magnetic field. By using equations (5a, 5b, 5c), with the derivatives ∂Ic/∂T and
∂Hc/∂T in Eq. (5c) calculated by using Eqs. (1a,1b), Eq. (4) can be rewritten as:
∆Rij = −∂Rij
∂Ic
(
∆Ic + γ
Ico
Tc
∆T
)
− ∂Rij
∂Hc
(
∆Hc + γ
Hco
Tc
∆T
)
. (6)
Equation (6) relates ∆Rij to the variation of critical current ∆Ic or critical magnetic
field ∆Hc. One can note that ∆Rij decreases when ∆Ic or ∆Hc increase due to the
increased disorder in the array. Hence, since the network resistance R is proportional
to terms varying as ∆Rij , the slope of the resistive transition is smoother when ∆Ic
(∆Hc) increases for a given temperature increase ∆T , regardless of the coupling strength
between grains.
However, Eq. (6) cannot explain why the resistive transition becomes smoother
with strong-link than with weak-links as one can notice in Fig. 3 and 4. Therefore, in
the following, the origin of the different behaviour exhibited by network with different
intergrain coupling and same parameters of the elementary Josephson junctions, will be
explained by including the effect of the different network topology.
By effect of the temperature increase, layers of weak-links or grains either in the
resistive or in the intermediate state, crossing the whole film are formed as shown is
Figs. 5(a) and 5(b). The formation of a layer corresponds to an elementary step in the
network resistance. This means that, in the limit of a large number of layers, which is
a reasonable condition for real granular materials, the local slope ∆R of the transition
curve can be approximated by the resistance of each layer Rl. In the remainder of this
section, the resistance Rl will be estimate. Let Ns,l label the number of weak- or strong-
links in the superconductive state before the transition of the layer. Let No,l label the
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number of weak- or strong-links in the normal state and Nm,l = Ns,l−No,l the number of
weak- or strong-links in the intermediate state at a given stage of the transition of each
layer. The resistance Rl can be estimated as the parallel of the normal state resistors
Ro,ij and the intermediate state resistors Rm,ij as:
Rl =
Ro,ijRm,ij
No,lRm,ij +Nm,lRo,ij
. (7)
The layer resistance Rl depends on the ratio of the normal No,l and mixed state Nm,l
resistances. For the strong links, the voltage drop between two neighboring grains is
calculated according to Eq. (3) and thus is larger than Vij (voltage drop across each
weak-link). Therefore, since the condition given by Eq. (2b) is reached earlier, the
denominator of Eq. (7) is larger in layers characterized by strong-links rather than
weak-links for the same degree of disorder and bias current. This argument agrees with
the fact that the resistive transition in strong-link networks occurs at temperatures lower
than in weak-link networks.
Fig. 6(a) shows the transition curves in weak- and strong-link networks with the
same parameters. The slope is smaller for strong-link than for weak-link networks,
consistently with the fact that the denominator of Eq. (7) is larger and thus ∆R ≈ Rl
is smaller. Furthermore, one can notice by comparing Figs. 6(b), 6(c) that the steps
are higher for strong-links. This behavior has been confirmed by several runs of the
transition simulations. Figs. 8 and 9 show nine samples of the resistive transition
for weak and strong links respectively. One can clearly notice the different shape of
the elementary steps. By implementing an automatic detection process of the steps
endpoints, the elementary derivatives can be estimated. Fig. 10 show the histograms of
about 400 step slopes for weak-link (a) and strong-link (b) networks. This statistical
analysis can be used for estimating an average value of the step slopes. The average
ratio between derivatives for weak and strong links ranges between 1.3 and 2. A similar
behavior is exhibited by the transition caused by current increase as shown in Fig. 7.
To explain this issue, the elementary resistance between two neighboring sites i and j
will be now estimated by using [65, 66, 67, 68]:
Rij = Ro exp
(
ǫij
kBT
+
rij
ro
)
, (8)
where Ro = TkB/(e
2γ0ij),γ
0
ij is a rate constant related to the electron-phonon interaction
(kB/e
2γ0ij ∼ 1), rij is the distance between two sites, ro is the scale over which the
wave function decays outside the grain, ǫij is the zero field activation energy given by
ǫij = ∆ij(T ) + Ec,ij, with Ec,ij = βe
2rij/(πǫoǫd
2) the Coulomb energy and d the mean
size of grain. Therefore, Eq. (8) can be written as:
Rij = Ro exp
(
∆ij(T )
kBT
+
rij
r∗o
)
, (9)
with 1/r∗o = [1/ro + βe
2/(2πǫoǫd
2kBT )]. In Eq. (9), the resistance Rij explicitly depends
on the quantity rij , which is the effective distance seen by an electron flowing from
grain i to j. The effective distance rij is different for electrons flowing either in weak-
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or strong-link networks. Such a difference can be estimated by taking into account that
at constant current the voltage drop Vij is proportional to rij . The voltage drop for the
strong-link case is given by Eq. (3). A reduction of a factor Vij/[
∑
V 2ij ]
1/2 of the distance
rij in comparison to the weak-link case should be correspondingly taken into account. In
the simplest case of isotropic spherical grains, Vij is the same in any direction, thus the
reduction factor is 1/
√
2 or 1/
√
3 respectively for two- and three-dimensional networks.
By using the effective medium approximation [69], the average conductance Gema
of the network can be calculated as follows:∫
dGijf(Gij)
Gema −Gij
Gij + (z/2 − 1)Gema = 0 . (10)
where z is the number of bonds at each node of the network, Gij = 1/Rij and
f(Gij) is the probability distribution function of the elementary conductance values
Gij. If the values Gij are continuously distributed according to the uniform function
f(Gij) ∝ 1/Gij, the average conductance is given by:
Gema = G2
[(
G1
G2
)2/z
− G1
G2
]
(
z
2
− 1) [1− (G1
G2
)2/z] . (11)
The average conductance Gema varies as G2 times a factor depending to the ratio G1/G2.
The ratio G1/G2 is independent of the intergrain coupling contrarily to G2. Therefore
one can observe that the average conductance Gema increases as G2 increases with the
coupling strength. According to presented model of the intergrain coupling, the value
of the conductance G2 in case of strong and weak-link networks differs of the factor
Vij/[
∑
V 2ij ]
1/2. The average resistance Rema = 1/Gema is plotted in Fig. 11. It is worth
noting that the resistance Rema for the strong-link case is always smaller then for the
weak-link case as expected from the simulations. The presented discussion could be
useful to explain existing experimental observations in granular materials that is very
hard to understand with conventional mechanisms . [24, 25, 26, 27, 28, 29, 30].
5. Conclusions
The effect of disorder has been studied in superconductors with different strength
of the intergrain coupling. The superconductor has been modeled as an array of
Josephson junctions, numerically solved by using Kirchhoff equations. The analysis
shows that, on varying the external drive (temperature, current, magnetic field), the
resistive transition occurs for lower Tc and the R(T ) curve broadens by increasing the
disorder through a stepwise process. Importantly, it is found that the effect of disorder is
more dramatic when the network simulates strongly rather than weakly coupled granular
superconductors. The approach used and the results obtained in this work might add
useful clues on the issue of the wide variability of critical temperature transition observed
in real granular materials. It has been indeed observed an increase of critical temperature
in compacted metallic powder compared to bulk samples of the same material. A
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strong anticorrelation between the critical temperature Tc enhancement and the value
of metallic conductivity has been observed indicating that a major role is played by the
electron-electron interaction which acts by suppression of the superconductivity [22, 23].
Chemical substitutions for Mg or B have been attempted to vary the superconducting
transition temperature of MgB2. Most of the substitutions have produced a depression
of Tc and broadening of the R(T ) curve contrarily to what observed in cuprates in
which replacement of La by Y raises Tc from 35K to 93K and sharpens the transition
curve. It has been suggested that the two-band nature of MgB2 can result in an unusual
behavior of its resistivity and Tc as the material changes from the clean to dirty limits
[32, 33, 34, 37, 38]. The suppression/enhancement of Tc is related to the competing
effect of electron-electron and electron-phonon interaction which in their turn depend
on size and radii of the compound and constituents. Intergrain and intragrain effects
of disorder have been observed. Formation of magnesium or boron oxides result in
poorly connected grains with an increase of intergrain resistivity and decrease of critical
current density [35, 36]. At the same time, these oxides might migrate within the grains
themselves increasing intragrain resistivity and flux pinning. Other impurities such
as silicon, carbon, copper greatly affect critical current, temperature and resistivity
[39, 40, 41, 42, 43, 44, 45, 46]. Critical temperature degradation and broadening of the
R(T )/Ro curve has been also observed in MgB2 film by exposure to water[47]. The
general feature of these experiments is that degradation of superconductivity seem to
be related to the enhanced role of electron-electron interaction and impurity scattering
in homogeneous metallic-like superconductors compared to the standard granular ones,
i.e. that class of material whose intergranular conductance g is much smaller than the
intragranular conductance gintr. The dominant effect of the electron-electron interaction
is taken into account in the present model by introducing a suitable circuital coupling
among grains.
6. Acknowledgements
The Istituto Superiore Mario Boella is gratefully acknowledged for financial support.
7. References
[1] I.S. Beloborodov, A.V. Lopatin, V.M. Vinokur, and K.B. Efetov. Granular electronic systems.
Rev. Mod. Phys., 79:469, 2007.
[2] K.B. Efetov. Superconductivity induced by impurities. Sov. Phys. JETP, 54:1198, 1981.
[3] J. Bardeer, N.L. Cooper, and J. S. Schrieffer. Theory of Superconductivity. Phys. Rev.,
108(5):1175, 1957.
[4] P. W. Anderson. Theory of dirty superconductors. J. Phys. Chem. Solids, 11:26, 1959.
[5] A. V. Balatsky, I. Vekhter, and J-X. Zhu. Impurity-induced states in conventional and
unconventional superconductors. Rev. Mod. Phys., 78(373), 2006.
[6] Y-J. Yun, I-C. Baek, and M-Y. Choi. Experimental study of positionally disordered Josephson
junction arrays. Europhys. Lett., 76:271, 2006.
Resistive transition in disordered superconductors with varying intergrain coupling 11
[7] V. M. Vinokur, T. I. Baturina, M. V. Fistul, A. Y. Mironov, M. R. Baklanov, and C. Strunk.
Superinsulator and quantum synchronization. Nature, 452:613, 2008.
[8] E. Chow, P. Delsing, and D. B. Haviland. Length-Scale Dependence of the Superconductor-to-
Insulator Quantum Phase Transition in One Dimension. Phys. Rev. Lett., 81(1):204, 1998.
[9] G. Sambandamurthy, L. W. Engel, A. Johansson, and D. Shahar. Superconductivity-Related
Insulating Behavior. Phys. Rev. Lett., 92(10):107005, 2004.
[10] K.B. Efetov. Phase transition in granulated superconductors. Sov. Phys. JETP, 51:1015, 1980.
[11] B. Sace´pe´, C. Chapelier, T. I. Baturina, V. M. Vinokur, M. R. Baklanov, and M. Sanquer.
Disorder-Induced Inhomogeneities of the Superconducting State Close to the Superconductor-
Insulator Transition. Phys. Rev. Lett., 101(157006), 2008.
[12] S. L. Sondhi, S. M. Girvin, J. P. Carini, and D. Shahar. Continuous quantum phase transitions.
Rev. Mod. Phys., 69:315, 1997.
[13] R. Fazio and H. van der Zant. Quantum phase transitions and vortex dynamics in superconducting
networks. Phys. Rep., 335:235, 2001.
[14] Y. Dubi, Y. Meir, and Y. Avishai. Island formation in disordered superconducting thin films at
finite magnetic fields. Phys. Rev. B, 78:024502, 2008.
[15] T. Shimizu, S. Doi, I. Ichinose, and T. Matsui. Effects of disorder on a lattice Ginzburg-Landau
model of d-wave superconductors and superfluids. Phys. Rev. B, 79:092508, 2009.
[16] A. F. Kemper, D. G. S. P. Doluweera, T. A. Maier, M. Jarrell, P. J. Hirschfeld, and H-P. Cheng.
Insensitivity of d-wave pairing to disorder in the high-temperature cuprate superconductors.
Phys. Rev. B, 79:104502, 2009.
[17] A. Garg, M. Randeria, and N. Trivedi. Strong correlations make high-temperature superconductors
robust against disorder. Nature Physics, 4:762, 2008.
[18] B. Spivak, P. Oreto, and S. A. Kivelson. d-Wave to s-wave to normal metal transitions in disordered
superconductors. Physica B, 404:462, 2009.
[19] V. Mishra, G. Boyd, T. Maier, P. J. Hirschfeld, and D. J. Scalapino. Lifting of nodes by disorder
in extended-s-state superconductors: Application to ferropnictides. Phys. Rev. B, 79:094512,
2009.
[20] A. A. Golubov and I. I. Mazin. Effect of magnetic and nonmagnetic impurities on highly anisotropic
superconductivity. Phys. Rev. B, 55:15146, 1997.
[21] M. Putti, M. Affronte, C. Ferdeghini, P. Manfrinetti, C. Tarantini, and E. Lehmann.
Observation of the crossover from two-gap to single-gap superconductivity through specific heat
measurements in neutron-irradiated MgB2. Phys. Rev. Lett., 96:077003, 2006.
[22] M.S. Osofsky, R.J. Soulen, J.H. Claassen, G. Trotter, H. Kim, and JS Horwitz. New insight into
enhanced superconductivity in metals near the metal-insulator transition. Phys. Rev. Lett.,
87(19):197004, 2001.
[23] R. Konig, A. Schindler, and T. Herrmannsdorfer. Superconductivity of compacted platinum
powder at very low temperatures. Phys. Rev. Lett., 82(22):4528–4531, 1999.
[24] W. L. Bond et al. Superconductivity in films of β tungsten and other transition metals.
Phys. Rev. Lett., 15:260, 1965.
[25] C. C. Tsuei and W. L. Johnson. Superconductivity in metal-semiconductor eutectic alloys.
Phys. Rev. B, 9:4742, 1974.
[26] F. P. Missell and J. E. Keem. Electronic density os states in amorphous ZrPd and ZrNi alloys.
Phys. Rev. B, 29:5207, 1984.
[27] R. C. Dynes and J. P. Garno. Metal-Insulator transition in granular Aluminum. Phys. Rev. Lett,
46:137, 1981.
[28] T. A. Miller et al. Superconductivity and the metal-insulator transition: Tuning with spin-orbit
scattering. Phys. Rev. Lett., 61:2717, 1988.
[29] M. A. Noak et al. Superconductivity of liquid quenched Al—Si alloys. Physica B, 135:295, 1985.
[30] S. Kubo. Superconducting properties of amorphous mosi, moge alloy-films for abrikosov vortex
memory. J. Appl. Phys., 63:2033, 1988.
Resistive transition in disordered superconductors with varying intergrain coupling 12
[31] A. M. Finkel´stein. Suppression of superconductivity in homogeneously disordered systems.
Physica B, 197:636, 1994.
[32] S.Li, T. White, J. Plevert, and C.Q. Sun. Superconductivity of nano-crystallineMgB2. Supercond.
Sci. Technol., 17:S589, 2004.
[33] D. C. Larbalestier and et al. Strongly linked current flow in polycrystalline forms of the
superconductor MgB2. Nature, 410:186, 2001.
[34] X.X. Xi. Two-band superconductor magnesium diboride. Rep. Prog. Phys., 71:116501, 2008.
[35] R. F. Klie J. C. Idrobo, N. D. Browning, K. A. Regan, N. S. Rogado, and R. J. Cava. Direct
observation of nanometer-scale Mg- and B-oxide phases at grain boundaries in MgB2. Appl.
Phys. Lett., 79:1837, 2001.
[36] P. A. Sharma, N Hur, Y Horibe, C. H. Chen, B. G. Kim, S. Guha, M. Z. Cieplak, and S. W.
Cheong. Percolative Superconductivity in Mg1−xB2. Phys. Rev. Lett, 89:167003, 2002.
[37] J. S. Ahn and S. Oh. Pore structures and grain connectivity of bulk MgB2. Physica C, 469:1235,
2009.
[38] J. S. Ahn and E. J. Choi. Carbon substitution effect in MgB2. arXiv:cond-mat/0103169v2.
[39] J. S. Parker, D. E. Read, A. Kumar, and P. Xiong. Superconducting quantum phase transitions
tuned by magnetic impurity and magnetic field in ultrathin a−Pb films. Europhys. Lett., 75:950,
2006.
[40] F. Rullier-Albenque, H. Alloul, and R. TOurbot. Disorder and transport in cuprates: weak
localization and magnetic contributions. Phys. Rev. Lett., 87(15):157001, 2001.
[41] M. Dhalle´, P. Toulemonde, C. Beneduce, N. Musolino, M. Decroux, and R. Flkiger. Transport
and inductive critical current densities in superconducting MgB2. Physica C, 363:155, 2001.
[42] G. Wei, A. Sun, J. Ma, L. Zheng, G. Yang, and X. Zhang. Structure and superconductivity of
(MgB2−xCx)0.97Cu0.03. J. Supercond. Nov. Magn, 23:209, 2010.
[43] A. Matsumoto, K. Takahashi, M. Tachiki, H. Kitaguchi, and H. Kumakura. Superconducting
properties and microstructures of MgB2 thin films fabricated with the precursor and post-
annealing method. IEEE transactions on applied superconductivity, 19(3):2823, 2009.
[44] T. Masui, S. Lee, A. Yamamoto, H. Uchiyama, and S. Tajima. Carbon-substitution effect on
superconducting properties in MgB2 single crystals. Physica C, 412-414:303, 2004.
[45] S. X. Dou, V. Braccini, S. Soltanian, R. Klie, Y. Zhu, S. Li, X. L. Wang, and D. Labalestier.
Nanoscale-SiC doping for enhancing Jc and Hc2 in superconducting MgB2. Journal of Applied
physics, 96(12):7549, 2004.
[46] M. A. Aksan, A. Guldeste, Y. Balci, and M. E. Yakinci. Degradation of superconducting properties
in MgB2 by Cu addition. Solid state communications, 137:320, 2006.
[47] Y. Cui, J.E. Jones, A. Beckley, R. Donovan, D. Lishengo, E. Maertz, A. V. Pogrebnyakov,
P. Orgiani, J. M. Redwing, and X. X. Xi. Degradation of MgB2 thin films in water. IEEE
transactions on applied superconductivity, 15(2):224, 2005.
[48] S. L. Lukyanov and P. Werner. Resistively shunted Josephson junctions: quantum field theory
predictions versus Monte Carlo results. J. Stat. Mech, 06:P06002, 2007.
[49] T. Kawaguchi. Current-driven dynamics in Josephson junction networks with an asymmetric
potential. Physica C, 468:1329, 2008.
[50] J. V. Jose´ and C. Rojas. Superconducting to normal state phase boundary in arrays of ultrasmall
Josephson junctions. Physica B, 203:481, 1994.
[51] D. C. Harris, S. T. Herbert, D. Stroud, and J. C. Garland. Effect of random disorder on the
critical behavior of Josephson junction arrays. Phys. Rev. Lett, 67(25):3606, 1991.
[52] D. B. Haviland, Y. Liu, and A. M. Goldman. Onset of superconductivity in the two-dimentional
limit. Phys. Rev. Lett., 62(18):2180, 1989.
[53] J-P Lv, H. Liu, and Q-H. Chen. Phase transition in site-diluted Josephson junction arrays: A
numerical study. Phys. Rev. B, 79:104512, 2009.
[54] B.G.Orr, H.M. Jaeger, A.M. Goldman, and C.G. Kuper. Global phase coherence in two-
dimensional granular superconductors. Phys. Rev. Lett., 56:378, 1986.
Resistive transition in disordered superconductors with varying intergrain coupling 13
[55] L. Ponta, A. Carbone, M. Gilli, and P. Mazzetti. Resistive transition in granular disordered high
Tc superconductors: A numerical study. Phys. Rev. B, 79:134513, 2009.
[56] A. Carbone, M. Gilli, P. Mazzetti, and L. Ponta. Array of Josephson junctions with a non-
sinusoidal current-phase relation as a model of the resistive transition of unconventional
superconductors. J. of Appl. Phys., 108:(arXiv:cond–mat/0912.0367v2), 2010.
[57] F.T. Brandt, J. Frenkel, and J.C. Taylor. Noise in resistively shunted Josephson junctions. Phys.
Rev. B, 82:014515, 2010.
[58] I. Garc´ıa-Fornaris, E. Govea-Alcaide, M. Alberteris-Campos, P. Mun, and R.F. Jardim. Transport
Barkhausen-like noise in uniaxially pressed ceramic samples. Physica C, 470:611, 2010.
[59] Zh Wang, X J Zhao, H W Yue, F B Song, M He, F You, S L Yan, A M Klushin, and Q L Xie.
A method for self-radiation of Josephson junction arrays. Supercond. Sci. Technol., 23:065013,
2010.
[60] Xiao Hu and Shi-Zeng Lin. Phase dynamics in a stack of inductively coupled intrinsic Josephson
junctions and terahertz electromagnetic radiation. Supercond. Sci. Technol., 23:053001, 2010.
[61] O.F. de Lima and C.A. Cardoso. Critical current density anisotropy of alignedMgB2 crystallites.
Physica C, 386:575, 2003.
[62] S. Sen, A. Singh, D. K. Aswal, S. K. Gupta, J. V. Yakhmi, V. C. Sahni, E.-M. Choi, H.-J. Kim,
K. H. P. Kim, H.-S. Lee, W. N. Kang, and S.-I. Lee. Anisotropy of critical current density in
c-axis-oriented MgB2 thin films. Phys. Rev. B, 65:214521, 2002.
[63] E.M. Choi, H.-J. Kim, S. K. Gupta, P. Chowdhury, K. H. P. Kim, S.-I. Lee, W. N. Kang, H.-Jin
K., M.-H. Jung, and S.-H. Park. Effect of two bands on the scaling of critical current density
in MgB2 thin films. Phys. Rev. B, 69:224510, 2004.
[64] W.D. Markiewicz and J. Toth. Percolation and the resistive transition of the critical temperature
Tc of Nb3Sn. Cryogenics, 46:468, 2006.
[65] A. Miller and E. Abrahams. Impurity Conduction at Low Concentrations. Phys. Rev., 120:745,
1960.
[66] V. Ambegaokar, B. I. Halperin, and J. S. Langer. Hopping Conductivity in Disordered Systems.
Phys. Rev. B, 4:2612, 1971.
[67] B. I. Shklovskii and A. L. Efros. Electronic properties of doped semiconductors. Springer-Verlag,
New York, 2005.
[68] Y. M. Strelniker, A. Frydman, and S. Havlin. Percolation model for the superconductor-insulator
transition in granular films. Phys. Rev. B, 76:224528, 2007.
[69] S. Kirkpatrick. Percolation and Conduction. Rev. Mod. Phys., 45:574, 1973.
Resistive transition in disordered superconductors with varying intergrain coupling 14
(a) (b) (c)
Figure 1. Scheme of a two-dimensional network representing the granular
superconductor (a). Grains correspond to the nodes of the arrays. Each resistor
of the network behaves as a Josephson junction with characteristics schematically
shown in Fig. 2. For weak-link networks (YBCO-like materials), the grains remain
in the superconducting state during the first stage of the transition. For strong-link
networks (MgB2-like materials), the transition is a single-stage process involving the
grains. The nonlinear resistors, characterizing each grain, are respectively shown for
two dimensional (b) and three dimensional (c) case.
Figure 2. Current-voltage characteristics for underdamped (a), overdamped (b),
general (c) Josephson junctions. For the general case (c), Imin,ij depends on the
Stewart-McCumber parameter βc and ranges from Ic,ij and 0, where βc = τRC/τJ ,
where τRC and τJ are the capacitance and Josephson time constant respectively.
βc ≫ 1 (a), βc ≪ 1 (b) and βc ∼ 1 (c).
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Figure 3. Resistive transition of two-dimensional networks with different degree of
disorder at varying temperature for weak-links (a) and strong-links (b). The bias
current I is kept constant. The degree of disorder is varied by changing the value of
the standard deviation of the critical currents σIc from 0 to 1 with step 0.1.
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Figure 4. Resistive transition of a two-dimensional network with different degree
of disorder at varying bias current for weak-links (a) and strong-links (b). The
temperature T is kept constant. The degree of disorder is varied by changing the
value of the standard deviation of the critical currents σIc from 0 to 1 with step 0.1.
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(a)
(b)
Figure 5. Scheme of two-dimensional networks when the first resistive layer is formed,
respectively for weak-links (a) and strong-links (b).
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Figure 6. Resistive transition of two-dimensional network with weak (blue) and
strong (red) links as temperature increases. The standard deviation of the Gaussian
distribution of the critical current σIc is equal to 0.2 for both curves. Zoom of the first
step of the resistive transition in weak link (b) and in strong link (c) network.
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Figure 7. Resistive transition of two-dimensional network with weak (blue) and strong
(red) links as the bias current increases. The standard deviation of the Gaussian
distribution of the critical current σIc is equal to 0.2 for both cases. Zoom of the first
step of the resistive transition in weak link (b) and strong link (c) networks.
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Figure 8. Resistive transitions of two-dimensional network with weak-links.
Elementary resistance steps can be clearly observed. These nine curves are typical
samples used for obtaining the data plotted in the histogram shown in Fig. 10(a).
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Figure 9. Same as in Fig. 8 but for strongly linked grains. The histogram is shown
in Fig. 10(b).
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Figure 10. Histograms of the slopes of the elementary steps for weak-link (a) and
strong-link (b) networks. The elementary steps have been obtained by means of
transition curves similar to those shown in Figs. 8 and 9.
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Figure 11. Average network resistance Rema calculated according to the effective
medium approach for z = 3 (a), z = 4 (b), z = 5 (c), z = 6 (d). Red curves refer to
strongly coupled grains. Blue curves refer to weakly coupled grains. One can observe
that the average resistance is smaller for strongly coupled networks for all the z values.
